In this work we look for central configurations of the planar 1 + n body problem such that, after the addition of one or two satellites, we have a new planar central configuration.
Introduction
Central configurations of a system of N bodies is one of the most classical and relevant topics in Celestial Mechanics. They are configurations such that the total Newtonian acceleration of every body is equal to a constant multiplied by the position vector of this body with respect to the center of mass of the configuration. Central configurations allow homographic motion, i. e. motion where the configuration of the system changes its size but keeps its shape. One of the reasons why central configurations are interesting is that they allow to obtain explicit homographic solutions of the N-body problem. They also arise as the limiting configuration of a total collapse.
The central configurations are invariant under rotation and homothety. So we are interested in the classes of central configurations modulus such transformations. There is an extensive literature concerning these configurations; see e.g. [8] , [13] , [17] for classic background.
In this work we study central configurations of the planar 1 + n body problem, where we have one dominant mass and n infinitesimal masses, called satellites, on a plane. This problem was first considered by Maxwell [10] trying to construct a model for Saturn's rings. Considering satellites with small and equal masses, Hall [7] shows that in a central configuration of n satellites, the large body is at the center of a circle which passes through the satellites. Moreover, in this unpublished work, Hall shows that, if n ≥ e 27000 , there is a unique central configuration of this problem, that where the satellites are at the vertices of a regular polygon. Casasayas, Llibre and Nunes [3] proved that the regular polygon is the only one if n ≥ e 73 . Cors, LLibre and Ollé [5] obtain numerically evidences that there is only one central configuration if n ≥ 9 and that every central configuration is symmetric with respect to a straight line. Moreover they proved that there are only 3 symmetric central configurations of the 1 + 4 body problem. Albouy and Fu [1] proved that all central configurations of the 1 + 4 body problem are symmetric which settles the question in this case.
In the case where the satellites do not have necessarily equal masses, Renner and Sicardy [14] obtained results about the inverse problem, that is, given a configuration of the coorbital satellites, find the infinitesimal masses making it a central configuration. They also studied the linear stability. Corbera, Cors and LLibre [4] considering the 1 + 3 body problem, found two different classes exhibiting symmetric and nonsymmetric configurations. And when two infinitesimal masses are equal, they provide evidence that the number of central configurations varies from five to seven.
Hampton [6] provides a new family of planar central configurations for the 5 body problem with the property that two bodies can be removed and the remaining three bodies still form a central configuration. Such configurations are called stacked central configurations. Mello and Libre [9] studied one case of stacked planar central configuration with 5 bodies in which three bodies are at the vertices of an equilateral triangle and the other two bodies lie on a mediatrix of the triangle.
In this work we study stacked central configurations of the planar 1 + n body problem in two situations: the first, that of addition (or removal) of one satellite in the problem with arbitrary small masses and the case of addition (or removal) of two sattelites when all satellites have equal masses. Moreover the argument used in the latter case also shows that in a central configuration of the coorbital satellites problem if two satellites have the same mass the removal of them does not result in a central configuration if n ≥ 5.
Preliminaries
Consider N masses, m 1 , ..., m N , in R 2 subject to their mutual Newtonian gravitational interaction. Let M = diag{m 1 , m 1 , ..., m N , m N } be the matrix of masses and let q = (q 1 , ..., q N ), q i ∈ R 2 be the position vector. The equations of motion in an inertial reference frame with origin at the center of mass are given by
where
A non-collision configuration q = (q 1 , ..., q N ) with
We are interested in the planar N = 1 + n body problem, where the big mass is equal to 1 with position q 0 = 0. The remaining n bodies with positions q i , called satellites, have masses m i = µ i ǫ, i = 1, .., n, where µ i ∈ R + and ǫ > 0 is a small parameter that tends to zero. In all central configuration of the planar 1 + n body problem the satellites lie on a circle centered at the big mass ( [3, 7] ), i.e. the satellites are coorbital. Since we are interested in central configuration modulus rotations and homothetic transformations, we can assume that the circle has radius 1 and that q 1 = (1, 0).
We exclude collisions in the definition of central configuration and take as coordinates the angles θ i between two consecutive particles. See e.g. [3] for details. In this coordinates the space of configuration is the simplex
and the equations characterizing the central configurations of the planar 1+n body problem are
Definition 1
We say that a solution (θ 1 , ..., θ 2 ) of the system (1) is a central configuration of the planar 1 + n body problem associated to the masses µ 1 , ..., µ n .
The following results can be found in [1] and exhibit the properties of the function f used to prove our results. 
Lemma 1 The function
f (x) = sin(x) 1 − 1 8| sin 3 (x/2)| , x ∈ (0, 2π) satisfies: i) f (π − x) = −f (π + x), ∀x ∈ (0, π); ii) f ′ (x) = cos(x) + 3 + cos(x) 16| sin 3 (x/2)| ≥ f ′ (π) = −7/8, for all x ∈ (0, 2π); iii) f ′′′ (x) > 0, for all x ∈ (0, 2π); iv) In (0, π) there is a unique critical point θ c of f such that θ c > 3π/5, f ′ (θ) > 0 in (0, θ c ) and f ′ (θ) < 0 in (θ c , π). Lemma 2 Consider four points t L 1 , t R 1 , t L 2 , t R 2 such that 0 < t L 1 < t L 2 < θ c < t R 2 < t R 1 < 2π, f (t L 1 ) = f (t R 1 ) = f 1 and f (t L 2 ) = f (t R 2 ) = f 2 . Then t L 2 + t R 2 < t L 1 + t R 1 . Corollary 1 Consider 0 < t 1 < θ c < t 2 < 2π. If f (t 1 ) ≥ f (t 2 ) then t 1 + t 2 > 2θ c > 6π/5.
Adding one satellite
In this section we consider the planar problem of 1 + n bodies, where the satellites do not necessarily have the same mass. We are interested in the stacked central configurations when one new satellite is added. In the following result we show that such construction is possible only in one case. See Fig. 2 . Proof: First we will treat the case n = 2. By hypothesis (θ 1 , θ 2 ) is a central configuration relative to the masses µ 1 and µ 2 . Without lost of generality, suppose that the third satellite, with mass µ 3 , is placed such that (θ 1 , θ 
It is easy to see that the above equations give us
The roots of f in (0, 2π) are π/3, π and 5π/3, which makes impossible the equalities above. Consider now the case n = 3. In the same way, suppose that the fourth satellite, with mass µ 4 , is placed between the first satellite and the third one, forming the central configuration
The following equations are satisfied:
Figure 2: The only stacked central configuration according to Theorema 1.
Substituting these values into the above equations, we see that
Finally we treat the case n ≥ 4. Assume that (θ 1 , ..., θ n−1 , θ n ) and (
, are central configurations associated to the masses µ 1 , ..., µ n and µ 1 , ..., µ n , µ n+1 , respectively. In fact we are assuming, without lost of generality, that the new satellite, with mass µ n+1 , was placed between the first satellite and the nth one.
The first equations of the respective systems are
In the same way, the second equations are
Analogously, comparing the ith equations of the respective systems, we have
Thus, we found n distinct roots of f in (0, 2π) given by
So, we have a contradiction for n ≥ 4 and the Theorem follows.
Adding two satellites
Lemma 3 Let C = {x 1 , ..., x m }, with x i > 0 and
and exactly one of the situations bellow must occur:
Proof: By hypothesis we can use Lemma 2 and, observing that
we get
A 1 and hence A 2 B 2 , only one of the equalities above can be satisfied. So, by Corollary 1,
Considering all satellites with the same mass, the three following propositions give us all possible cases of getting a new planar central configuration of 1 + (n + 2) bodies by adding two satellites to a planar central configuration of 1 + n bodies. Proof: Without lost of generality, suppose that the new satellites are placed one between the first and second satellites and the other between the kth and (k + 1)th satellites, where 3 ≤ k ≤ n − 1. See Fig. 3 . So, we get the central configurations
.., θ * n+2 ) of 1 + n and 1 + (n + 2) bodies, respectively, satisfying
The third equation of (3) together with the second equation of (2) give us (3) together with the kth of (2) give us
So, by Lemma 3, we have
The (k + 3)th equation of (3) together with the (k + 1)th equation of (2) and the first equations of (2) and (3) give us, respectively
Therefore we have the contradiction 
By Corollary 1 the equations (4) and (5), give us
In fact, by Proposition 2 in [1] we have
The equation (6) becomes h(θ * 2 ) = 0, where
It is easy to see that h ′′′ (x) > 0, because f ′′′ (x) > f ′′′ (π + x) > 0. Hence, h has at most three roots in (0, π). We can check that h(π/2) = h(π/3) = h(2π/3) = 0. Therefore, θ * 2 = π/2, θ * 2 = π/3 or θ * 2 = 2π/3. The first root gives us the square configuration and the last two roots correspond to the same configuration, the kite one, given by (π/3, π/3, 2π/3, 2π/3).
Consider now n ≥ 3 and suppose that the two new satellites were placed separated by the original second satellite, as in Fig. 4 . Suppose that we get the central configurations (θ 1 , ..., θ n ) and (θ * 1 , ..., θ * n+2 ) satisfying
Let us see the case n = 3. The equations reduce to
By Lemma 3, (7) and (8) we have
It follows from this fact and from (9) that θ * 2 = θ * 3 . By Lemma 3, from (7) and (8) we have exactly one of the following situations
Since (θ 1 , θ 2 , θ 3 ) is a planar central configuration of the 1 + 3 body problem, we know that
In the first case, we have θ 3 > 4π/9 and θ 1 < 7π/9. From (12) we have π/4 < θ * 4 < π/3 and so by Lemma 2, (12) implies
So f (θ * 2 ) < f (π/9) < −7. Therefore (10) is not satisfied. If θ 1 > θ 2 = θ 3 then θ 3 < 5π/18. Equation (12) gives us θ * 4 > π/3 and hence
Analogously we see that the case θ * 4 = θ 3 + θ * 1 is impossible too. So
and, consequently
So, (7) becomes
Since (θ 1 , θ 1 , θ 3 ) is a central configuration of 1 + 3 bodies, we see that
and we will consider the three roots of this equation again. See [5] . If θ 1 = 2π/3, then θ 3 = 2π/3 and, by (13) we have θ * But, it is easy to see that the resultant configuration does not agree with (10) . Consider now that θ 1 is the smallest solution of f (θ 1 ) + f (2θ 1 ) = 0. We know that, in this case, θ 1 < 50
• < θ c /2, so θ 3 > θ ′ c = 2π − θ c , the second critical point of f . Therefore, θ 3 lies on the last increasing interval of f . Thus, (13) . Now, let θ 1 be the biggest solution of f (θ 1 ) + f (2θ 1 ). We know that 138
It is easy to see that, in this case, by (13), we have π/3 < θ *
The function f (θ) + f (2θ) is increasing from 0 to its first critical point and then decreasing to its second critical point, bigger than 2π/3. Since f ′ (65
the first critical point is bigger than 65
• . Thus,
However, 2f (θ * 1 ) < 2f (73 • ) < 2(0, 39) < 0, 8 contradicting (10). Now we consider n ≥ 5. The system for the θ * i 's, by the relations between the angles and the properties of f , reduces to
The equations (14) and (16), by Lemma 3, imply exactly one of following situations:
Analogously, the equations (14) and (15), by Lemma 3, imply that exactly one of following equations is verified:
and, by (16) and (15), the same Lemma implies exactly one of the following equalities:
The only possibility for a single equation to be satisfied in each group (18) , (19) and (20) is
From the group of equations (20) we have
Again, by Lemma 3 applied to (16) and (17) and, since θ * 1 = θ * 4 , we have
Finally we consider the case n = 4. The equations are
Using the same argument of the case n ≥ 5 we get
Moreover, from (22) and (24), for the angles no greater than 2π we must have
In this case, the original configuration with n = 4, has a symmetry axis passing through two satellites and hence, it should be the square θ 1 = θ 2 = θ 3 = θ 4 = π/2, or the kite configuration given by θ 1 = θ 2 = π/3 and θ 3 = θ 4 = 2π/3 or θ 1 = θ 2 = 2π/3 and θ 3 = θ 4 = π/3.
If θ 3 = 2π/3, from (22), we have
It is easy to see that the equation (23) is not satisfied in this case. If θ 3 = π/3, from (22) we have
Therefore, by the graph of f θ ⇒ θ * 2 = π/3 hence we have a regular 6-gon.
Finally the case θ 1 = θ 2 = θ 3 = θ 4 = π/2. Taking x = θ * 1 , we can observe that the equations are
We will show that the roots of the equations above are different. We can write
It is easy to see that, from (27), we have 0 < x < π/3. Taking u = sen(x/2) and v = cos(x/2) we get
Denote by p and q the numerators of P and Q, respectively. Then
Let R 1 and R 2 be the resultants of p and q with respect to u and v, respectively. R 1 and R 2 are polynomials in the variables v and u, respectively, such that, if (u 0 , v 0 ) is a solution for p = 0 and q = 0, then
We get Taking the rational substitution u = . Therefore the solutions of (27) and (28) and θ i = θ * i+2 , 2 ≤ i ≤ n. See Fig. 6 Firstly we consider the case n = 2. The following equations are satisfied:
As (θ 1 , θ 2 ) is a planar central configuration for n = 2 we get θ 2 = π, θ 2 = 5π/3 or θ 2 = π/3. 
